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Angle-based Intrinsic Dimensionality

The following results have been published as:

Erik Thordsen and Erich Schubert
“ABID: Angle Based Intrinsic Dimensionality”
In: Proceedings of the 13th International Conference on
Similarity Search and Applications, SISAP. 2020, pp. 218–232.
doi: 10.1007/978-3-030-60936-8_17

(and won the “best student paper award”, congratulations, Erik Thordsen!)

An extended version is invited to a special issue of Information Systems, Elsevier.
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Intrinsic Dimensionality

Data may be d-dimensional, but locally behave like lower-dimensional data!

I this data set is ⊂ Ò2

I local density growth is linear in the radius, i.e., behaves like Ò1

I one notion of intrinsic dimensionality is based on the “expansion rate”:
how fast the amount of data growths with increasing distance: expect |Nε | ∼ ad
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Estimating Intrinsic Dimensionality [HKN12; Hou17a; Hou17b]

Intuitively: if we double the radius, a 1-dimensional interval doubles the length,
a 2-dimensional disc has 4 times the area, and a 3-dimensional ball has 8 times the volume.

We estimate the intrinsic volume by the number of points nr at radius r.

The volume of a m-sphere is proportional to Rm, and hence lognr ∝ m log r.

Volume(r1)
Volume(r2)

=
rm1
rm2

=
( r1
r2

)m
≈
nr1
nr2

m ≈
lognr1 − lognr2
log r1 − log r2

For a more robust estimate, we can average this over many radiuses.

Many di�erent estimators based on this idea exist [HKN12; Ams+15; Ams+18; Ams+19].
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Angle-Based Intrinsic Dimensionality Intuition [TS20]

Consider the distribution of angles between neighboring points:

approximately uniform (in 2d) more small and large angles

What is the expected angle distribution in a uniform m-dimensional neighborhood?
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Angle-Based Intrinsic Dimensionality (ABID) [TS20] /2

The distribution of angles in a (m−1)-sphere (or m-ball) is:

P(θ) =
Γ( d2 )

Γ( 12 )Γ(
d−1

2 )
· sin(θ)d−2

Fortunately, the distribution of Cosines is simpler (and more e�cient to compute):
P(C) = 1

2B
( 1+C

2 ; d−1
2 ,

d−1
2

)
which yields the following estimator of intrinsic dimensionality [TS20]:

m ≈ 1/Var(C)
where C are the pairwise cosines between any two neighbors.
A better estimator can be derived by using the second non-central moment,
and including the self-angles (cosine 1) of each neighbor [TS20]:

m ≈ n2
/ ∑n

i=1

∑n
j=1

(
〈xi − c, xj − c〉
‖xi − c‖ ‖xj − c‖

)2
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Experimental Results

While our focus is a new theoretical approach, we evaluated the method with di�erent data sets.

A single example, manifolds embedded in Ò5:
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More experiments & details in the paper [TS20]!
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